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Abstract. We show a correspondence between the set of ah G- 
invariant projectively flat connections on a homogeneous space 
M = G/K, and the one of aU G-invariant flat connections on 
homogeneous spaces M — G/K, where G is a central extension of 
G (Theorem 3.3). 



1. Introduction and statement of results. 

Flat connections and projectively flat ones have been extensively 
studied by many authors (for examples, [1], [2], [3], [6], [8], [9], [11], 
[13]). Even though they are of course very different objects, but it 
seems that there would exist deep unknown relations between them 
each other. In this paper, we want to show some relation between the 
set of all G-invariant projectively fiat connections on a homogeneous 
space M = G/K, and the one of all G-invariant fiat connections on 
homogeneous spaces M = G/K, where G is a central extension of G. 

Indeed, let G D G D i^' be three Lie groups with Lie algebras q D 
D 6, where = © M-E, and [E,g] = {0}. Let us consider two 
homogeneous (not necessarily reductive) spaces M = G/K and M = 
G/K, respectively. We consider the two sets of all G-invariant flat 
afiine connections on M, and of all G-invariant projectively flat afiine 
connections on M, which correspond to the sets J-'o(g, t) and ^^^0(57 
of irreducible afiine representations of q, respectively (for more precise, 
see 53, Definitions 3.1, 3.2). Then, 
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Theorem 1.1. (c/. Theorem 3.3) It holds that 

where jFQ^(g, t) is the set of all real irreducible affine representations 
if, Q, V) of satisfying that 

(1) dimy = dimG/K + l, 

(2) V admits an f(Q) -invariant complex structure J, and 

(3) there exists a non-zero element Vq &V satisfying that 

= {0}, and V = fig)vo ® RfiE)vo. 

In particular, in the case that dimM = dimG/K is even, then, 

^o(s,e) =P^o(0,«) and J^^\Q,t) = (l}. 

Thus, G/K admits a G-invariant flat connection if and only if G/K 
admits a G-invariant projectively fiat connection in the case that G/K 
is of even dimension. 

Let us recall a classification of real semi-simple Lie groups admitting 
a projectively fiat connection ([1], [13], [3]). 

Theorem 1.2. Let G be a real semi-simple Lie group. Then, G admits 
a left invariant projectively flat connection if and only if the Lie algebra 
is one of the following: 

(1) s[(n + l,R), n>l, 

(2) su*{2n), n>l, 

where su* (2n) is the Lie algebra given by 

su*{2n) = 1 1^ j ; Z^, e M(n, C), TrZi + TrZi = o| . 

Since Theorems 1.1 and 1.2 (and also Remark 1.6) except the case 
of the real representation of G = SL{n + 1,]R) on ^\{n + 1,M) (cf. 
Theorem 4.3 in Chapter 3 in [9], see also [1]), we have 

Corollary 1.3. Let G be a real semi-simple Lie group with Lie algebra 
g of even dimension, and letg = QQ) RE, with [E,g] = {0}. Let G be 

a simply connected Lie group with Lie algebra g. Then, G admits a left 
invariant flat affine connection if and only if G admits a left invariant 
projectively flat affine connection. In this case, g is 5l{n-\-l,'R), where 
n > 1 is even. 
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Let US recall a classification of irreducible Riemannian symmetric 
spaces admitting invariant projectively flat connections ([1], [13]). 

Theorem 1.4. Let M = G/K be an irreducible simply connected Rie- 
mannian symmetric space. Then, M admits a G-invariant projectively 
fiat affine connection if and only if M — G/K is one of the following: 

(1) 5^ = SO{n + l)ISO{n) n>2, 

(2) 5L(n + l,M)/50(n + 1) n>2, 

(3) SU*{2n)/Sp{n) n > 3, 

(4) SOqIu, l)/SO{n) n>2, 

(5) SL{n + l,C)/SU{n + l) n>l 

(6) Eq/F4 {of non- compact type EIV). 



Since Theorems 1.1 and 1.4 (and also Remark 1.6), we have 

Corollary 1.5. Let M — G/K he an irreducible simply connected 
Riemannian symmetric space of even dimension, = 0© Mi? with 
[i?,0] = {0}, and G, a Lie group with Lie algebra q and M is simply 
connected. Then, M = G/K admits a G-invariant projectively flat 
affine connection if and only if M = G/K admits a G-invariant flat 
affine connection. In this case, G/K is one of (1) ~ (6) in Theorem 
1.4 of even dimension. 

Remark 1.6. In Corollaries 1.3, and 1.5, Agaoka ([1]) showed that, 
if G {resp. M = G/K) admits a left invariant {resp. invariant) flat 
connection, then G (resp. M — G/K) admits a left invariant {resp. 
G-invariant) flat connection. In this, paper, we show the reverse of his 
results in Corollaries 1.3 and 1.5 in the case of even dimension. 
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and Professor A. Kasue for the financial support, and the referee who 
pointed out several errors in the manuscript and gave many suggestions 
to improve it into this form. 
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2. Preliminaries. 

In this section, we prepare materials and several facts on invariant 
connection on homogeneous spaces (cf. [5]) and also invariant flat 
connections and projectively flat invariant connections on homogeneous 
spaces (cf. [10]). 

Let us consider a C°° affine connection on a C°° manifold M. In 
this paper, we assume that everything is C°°. 

Definition 2.1. A connection D is to he flat if it has a vanishing 
curvature tensor and a vanishing torsion tensor , where 

R^{X, Y) = DxDy - DyDx - Dyx,Y], 

and 

T^{X, Y) = DxY - DyX - [X, Y] 
for all vector fields X, Y on M. 

Let us recall also that the theory of invariant connections on homo- 
geneous spaces (cf. [5], Vol. II, p. 188). In case of affine connections, 
we have 

Theorem 2.2. Let M he a homogeneous space M — G/K. Then, 
there exists a one-to-one correspondence between the set of G-invariant 
affine connections on M = G/K and the set of linear mappings A : 
^ q{{T„{G/K)) (o = {K}, the origin of G/K) such that 

A(X) = \{X) {X e t), (2.1) 
A{Ad{k){X)) - Ad{X{k)){A{X)) {keK,X eQ), (2.2) 

where A is the isotropy representation of K, i.e., for k & K, X{k) = 
k^, : Tf){G/K) T^{G/K) denotes the differential of k at a = {K}. 

To each G-invariant connection D on M = G/K, there corresponds 
the linear mapping A defined by 

A{X) = -{A^)o (Xeg). (2.3) 

Here, each X G induces a tangent vector Xo G ToM, and also a 
vector field X on M = G/K, naturally. For all vector field X on M, 
is the tensor field of type (1,1) on M defined by 

^x = Lx- Dx, (2.4) 

where is Lie derivative by X . 
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Assume that a homogeneous space M = G/K is reductive, i.e., the 
Lie algebra Q is decomposed into g = ® m, where I is the Lie algebra 
of K and m is an Ad(ir)-invariant subspace of g. Then, we have ([5], 
Vol II, p. 191) 

Theorem 2.3. Assume that M = G/K is a reductive homogeneous 

space with decomposition g = 6©m. Then, there is a one-to-one corre- 
spondence between the set of G-invariant affine connections on M and 
the set of linear mappings A^^ tn — > gl(To{G/K)) such that 

A^(Ad(A;)(X)) = Ad(A(A;))(A^(X)) (X e m, e K), 

(2.5) 

where X{k) denotes the isotropy representation of K on G/K. The 
correspondence is given by 

/AW (Xe!), 
^ ^ 1A„(X) (Xem). 



(2.6) 



To each G-invariant connection D, the correspondence (2.6) is given 
by 

A^(X) = -(A^)„ (XGm). (2.7) 

The torsion tensor T^ and the curvature tensor of a G-invariant 
connection D can be expressed in terms of A as follows ([5], Vol. 11, p. 
189). 

Theorem 2.4. In the above theorems, the torsion tensor T^ and the 
curvature tensor of a G-invariant connection D can be expressed 
as follows: 

r^(x, Y)o = HX){Yo) - A(y)(x„) - [X, y]„ {x, Yeg), 

(2.8) 

R''{X,Y),^[A{X),A{Y)]-A{[X,Y]) (X, y e g). (2.9) 



For G-invariant flat connections on M — G/K, due to the above 
theorems, we have ([10]) 

Theorem 2.5. Assume that a homogeneous space M — G/K admits a 
G-invariant fiat connection on M = G/K. Then, there exists a affine 
representation (/, q, V) of Q onV such that 

dim V = dim M, 

q : g is surjective, and Ker(g) = i. (^•-'■^) 
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Conversely, if G is simply connected, and the Lie algebra q admits 
an affine representation {f,q,V) satisfying (2.10), then M — G/K 
admits a G-invariant flat affine connection. Here, two linear mappings 
q : Q ^ V , and f : Q flK^) '^'"'^ given by q{X) = Xo {X e q), and 
f{X) = A{X) {X e q), where V = T^M. Then, that {f,q,V) is an 
affine representation QonV means that 

[f{x),f{Y)] = fi[x,Y]) (x,re0), 

q{[X,Y]) = f{X)q{Y)-f{Y)q{X) {X,Y e q). ^2.11) 

Now, let us recall the notion of projectively flat connections. 

Definition 2.6. D is to be projectively flat if the Ricci tensor 

Ric^{Y, Z) := Tr({7;M 3X^ R^(X, Y)Z e TpM}) 

{Y,Z e TpM p G M), is symmetric, i.e., mc^{Y,Z) = mc^{Z,Y), 
and for every p G M, there exists a neighborhood U of p such that D 
is equivalent to a flat connection D on U , i.e., there exists a closed 
l-forrn p on U such that 

DxY = DxY + p{X)Y + p{Y)X, for all X,Y e X{U). 

A classical theorem says that 

Theorem 2.7. Assume that D is an affine connection of which Kic^ 
is symmetric and T^ = 0. Then, D is projectively fiat if and only if 
the Weyl curvature tensor vanishes, i.e., 

R^(X, Y)Z = ^— {Ric-°(r, Z)X - Ric^fX, Z)Y} 
n — 1 

and the Codazzi equation holds, i.e., 

(DxRic^)(Y,Z) = (DYRic^)(X,Z) 
for all X,Y,Z e X(M). 

Let us consider a centro-affine immersion of an n-dimensional man- 
ifold M into R"+\ ip: R"+^ that is, 

T<^(p)R"+^ = <p,{TpM) ® R o<p{p], (peM). 

Then, the induced connection D on M from the standard flat connec- 
tion on R"+^ via ip, i.e., 

{D%Y)p = ^4DxY)p + h{X, y)(-^^), {X, Y G X(M), p e M), 
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is projcctively flat. Furthermore, it holds ([11]) that 

Theorem 2.8. Let M = G/K be a simply connected homogeneous 
space. Then, the following two conditions are equivalent: 

(1) M — G/K admits a G -invariant pTojectiveiy flat connection. 

(2) M — G/K admits a G-equivariant centro-affine immersion. 



Furthermore, Shima showed ([11], see also [10], p. 228) that 

Theorem 2.9. Let M — G/K be an arbitrary homogeneous space. 

(1) Assume that M = G/K admits a G-invariant projectivcly flat 
connection. Let g be the Lie algebra of G, and i the Lie subalgebra cor- 
responding to K, respectively. Let q be the central extension of q, i.e., 
Q = Q® M-B; where [E,q\ = {0}. Then, Q admits an affine representa- 
tion {f,q,V) on a vector space V of dimension dimM + 1 satisfying 
the following two conditions: 

{{) q : Q ^ V is surjective and Kcr(g) is t, 

{ii) f{E) is the identity map ofV and q{E) ^ 0. 

(2) Conversely, ifg admits an affine representation (/, q, V) on V of 
dimension dim M -\- 1 satisfying (i) and (ii), then, M — G/K admits a 
G-invariant protectively flat affine connection ifG is simply connected. 



3. Invariant projectively flat connections and flat 

connections. 

Let us begin the following example due to Shima ([10], Ch. 9, Exer- 
cise 9.1.1): 

Example 3.1. Let G = GL{n,R), 

^-[io ^) ;^eM(r,n-r),yeM(n-r,n-r)|. 

Then, the quotient space M = G/K admits a G-invariant flat connec- 
tion. Here, Ir is the identity matrix of degree r, and O is the (n — r) x r 
zero matrix where r — 1, . . . ,n — 1. Then, q — 0((n, R), 



^•"{(o ; ^ e M(r,n-r),r e M(7 



and TqM is isomorphic to V where 



^ = I (y/ o) ; ^' ^ ^' ^ ^^"^ - r, r) I . 
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Then, Q = t®V, and for every X e Q, f{X) e qI{V) and q{X) e V 
are defined by 

f{X)v = XveV, q{X)=XveV, {Xeg,veV), 

where Xv is the matrix multiplication of X and v, and Xy G V" is the ^- 
component oi X EQ corresponding to the decomposition oig — t®V. 
Then, (/, q, V) is an affine representation of g on K which induces the 
G-invariant flat connection on M. But, M = G/K is not a reductive 
homogeneous space since there is no ad(t)-invariant decomposition of 
Q (see also [5], Vol. II, p. 199, Example 2.1). The action of ad(0) on 
V is irreducible if and only if r = 1. 



Example 3.2. GL{n, M) , GL{n, C) , the upper triangular nilpotent 
Lie group A^i: 

r/1 * \ 
1 



; * is arbitrary 



[\0 1 J 

the (2n + l)-dimensional Heisenberg nilpotent Lie group N2, and the 
solvable Lie group S: 



S= < 



\ 



062 



; ^1, ^2, ■ ■ ■ , 6*71 G IR, * is arbitrary 



\0 e^" / 

admit left invariant fiat connections. 

But, SU (2) admits no left invariant flat connection. 



In this section, we do not assume that every homogeneous space is 
reductive. Our setting is as follows. Let G D G D be three Lie 
groups with Lie algebras g D D fi, respectively. Let us consider two 

quotient spaces M = G/K, and M = G/K, respectively. Assume that 
the Lie algebra g is a central extension of g given by g = 0©R£^, where 
[E,g] = {0}. Then, dimM = dimM+ 1. 

Definition 3.1. Let us denote by J-'^{M) the set of all G-invariant 

flat affine connections on M , and VTg{M), the set of all G-invariant 
projectively flat ajflne connections on M. Let us define 6), the set 
of all affine representations {f,q,V) ofg onV satisfying that 
(1) dim y = dimM, 
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(2) q : Q ^ V is a surjection, and Ker(g) = 
and also VJ-{q, t), the set of all affine representations (/, q, V) ofg on 
V satisfying that 

(1) dimV = dimM + 1, 

(2) g : g V is a surjection, Ker(g) = t, 

(3) f{E) is a non-zero constant multiple of the identity 
transformation of V, and q{E) ^ 0, 

respectively. 

Remark here that in the original definition of in [10] corre- 

sponding to the above definition (3) was that: 

(3') /(£") is the identity transformation ofV, and q{E) ^ 0. 
But, if we replace E into a constant multiple of E^ then we have (3') 
from (3'), so that our 6) corresponds bijectively to VTg^M)- 

If G is simply connected, there exists a one-to-one correspondence 
between J^^(M) and ^(g, t), and also if G is simply connected, there ex- 
ists a one-to-one correspondence between VTciM) and VJ-'(q, t) ([10]). 
By definition, VJ^{Q,t) C J^{g,i), so that VTg{M) C Tq{M). 

To analyze them further, let us define 

Definition 3.2. 

•^o(^, ^) = {(/, y) e -^(fl, t); (/, y) is irreducible under g}, 
and also 

VToig, fi) = {(/, q, V) e VT{g, fi); (/, g, V) is irreducible under g}, 
respectively. Then, VJ-'o{g,t) C J^o{g,^) by definition. 

Then, we obtain 
Theorem 3.3. It holds that 

where the set jFQ^(g,6) is a subset of J-o(Q,t), and coincides with the 
one of all real irreducible affine representations (/, q, V) ofg satisfying 
that 

(1) dimy = dimG/K + l, 

(2) V admits an f{Q) -invariant complex structure J , and 

(3) there exists a non-zero element vq &V satisfying that 

/(«)^;o = {0}, and V ^ f{Q)vo ®Rf{E)vo. 
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In particular, in the case that dimM = diraG/K is even, then, 

■5^0(0, fi) = P^o(0,«) and ^o''(0,«) = 0. 

Proof. Let (/, q, V) G ^0(0, t)- Then, the affine representation (/, q, V) 
satisfies that 

(1) {f,q,V) is an irreducible representation of q, 

(2) dimt/ = dimM = dimM + 1, 

(3) : — > y is a surjection, and Ker(g) = t. 

By (1), f{E) is a semi-simple linear transformation of V because 
(/, q, V) is a completely reducible representation of (see, for example, 
[12], p. 28, Theorem 2.9). Then, V is decomposed into 

V ^Vi®---®Vs® Vs+1 e • • • e K, 

where 

(i) each Vi is /(i?)-invariant and the only /(£')-invariant subspaces 
of Vi are Vi itself or {0}, and 

(ii) for the complex extension f{E)'^ of f{E) to V^*^, there exist 
linearly independent vectors {vjjjLi in the complexification Vi'^ of Vi 
and some complex number A*- such that 

f{Efv}=X^v] {j = l,...,di). (3.1) 

Notice here that dim V'^ = 1, and di = 1 in this case due to (i). 

{Hi) For each i = 1, . . . , s, A* = a, is a real number, and Vi itself 

is the cigcnspacc of f{E), and {f*}^!^]^ is a basis of Vi^. 

{iv) For each i = s + 1, . . . ,r, A* = a] + V— l&j- where a* and 6* 
are real numbers with 6*- 7^ 0, and Vj = u'j + \/—lWj (m*, G V^; j = 
1, . . . ,di) such that 

l/(^K = ^>} + «>}- 

Then, by (i), it holds that dimVi'^ — 2, di — 1, and for j — 1, 

f{Ef^, = Ai ^, 

where {vl,Vi} is a basis of Vi^. 

Then we have two cases: ® • • • ® is {0} or not. 
Case (a): ® • • • K 7^ {0}. 



(3.2) 



(3.3) 
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In this case, Vi © ■ ■ ■ © Vs is a non-zero /(0)-invariant subspace. 
Indeed, for each v E Vi and X e g, since [E, g] = {0} and / is a Lie 
algebra homomorphism, we have 

m(f(X)v) = f(X)(f(E)v) = aJ(X)v, 

which implies / {X)v belongs to Vi © • • • © F^. Thus, V ^Vi®---®Vs 
and f{E) has a unique real eigenvalue, say, a e R, since (/, V) is an 
irreducible representation of g. 

Furthermore, a 7^ 0. Because if we assume that a — 0, then, f{E) — 
0. Then, for each X G 0, we have 

f{X){q{E)) = fiE)m))^0, (3.4) 

which implies that q{E) = 0. Because if we assume q{E) 7^ 0, then, 
{0} 7^ M.q{E) (7^ V) is /(0)-invariant by means of (3.4). This contra- 
dicts the irreducibility of {f,q,V). So we have q{E) = 0. However, 
that q{E) = contradicts the assumption that Ker(g) = fi. So, we 
have a 7^ 0. 

Notice here that, if we put E' = ^E, then, we have also g = g©]Ri?', 
and = {0}. Furthermore, the affine representation {f,q,V) of 

g still satisfies all the conditions (1), (2) and (3) for the set VJ-'{g,t) 
in Definition 3.1. Because, for (1), (2) they are the same, and for (3), 
we have that f{E') = i f{E) = I, and q{E') = ^ q{E) ^ 0. Thus, 

Case (b) : l^i © • • • © = {0}. 

In this case, let A be any non-zero A* in (ii), and consider a non-zero 
complex subspace 

of Vj'^, where Af run over the set of all complex eigenvalues of 

f{E)^ in (3.1) which are equal to A. Then, 

WnV= ^(Mm^©Mw^^), (3.5) 
Afc=A 

where we denote = u'l + \/—lwg, Ug, G V. 
Then, for each X eg, 

f{Eff{Xfvl = f{Xff{Efv\ = Xf(xfvt 

which implies that f{X)'^v^ belongs to W. Furthermore, we have for 
each X eg, 

f{x){wnv) cwnv. 
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Because, since it holds that 

for some complex numbers apg, and (3pq, we have 

A?=A 
A?=A 

Thus, together^ with (3.5), we have j(X){yV ^V) . 
Since (/, g, is an irreducible representation of g, we have 

which means that V^+i*^ © ■ ■ • V",.^ is the sum of the two eigenspaces 
of f{E)'^ with the eigenvalues A and A for some complex number A — 
a + (a, beR) w]th b ^ 0. 

By means of (3.2), f{E) can be written as 

f{E)=aI + bJ, (3.6) 

where / is the identity transformation of V, and J is the transformation 
of V of the form: 

>^K) = -Wj> J{wj)=Uj (j = 1> • • • >c?)> (3.7) 

where {ui, . . . ,Ud,Wi, . . . , Wd} is a basis of (dim V — 2d). Then, J 
is a complex structure of V, i.e., = —J. 

The complex structure J of is /(0)-invariant, i.e., 

Jf{X) = f{X)J (VXeg). (3.8) 

Because, since E is central in g, we have, for each X 

J{E)J{X)^J{X)J{E). (3.9) 
The left hand side of (3.9) coincides with 

(a 7 + 6 J) J{X) ^afiX) + bJ f{X) . 
The right hand side of (3.9) is equal to 

f{X) {aI + bJ)^af{X) + b J{X) J. 

Since 6 7^ 0, we have (3.8). 

Notice that q{E) since Ker(g) = t. Since 

qi[x, Y]) = mim) - mm)) (x, y e g). 
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we have 

mim) = fimm) = iai+bJMY)). (3.10) 

Then, we have, for all Y eg, 

= (^(«^-^^)(^~(^))) 

= f{Y)vo (3.11) 

where 

^ ^0 ^= -^iaI-bJ){q{E)) e V. (3.12) 
a"^ + 0^ 

By (3.11), f{t)vo = {0} since Ker(g) = i. Since : g ^ F is a 
surjection and Q — g(B K-E, and (3.11), we also have 

V^mvo®mf{E)vo. (3.13) 

Thus, we have (/, g, V) G JP'o^^(0, 6). □ 



Remark 3.4. (1) The set VJ^o{Q,t) corresponds ([13], Theorem 1.3) 
to the set of all real irreducible representations (/, V) of q of dimen- 
sion dimM + 1 which admits a nonzero vector Vq E V such that 
f{V)Vo = {0} and V = f{Q)vo © M^o- Each {f,V) induces a G- 
equivariant centro-affine immersion (f : M — G/K V by ip{xK) = 

f{xK)vo {xK G G/K) with transversal vector field — —oip{xK) 
{xK e G/K) ([9]). Our Theorem 3.3 suggests that the set J^" {q,1) 
would correspond to the set of all G-equivariant affine immersions given 
by ip'{xK) = f{xK)vo {xK G G/K) with the transversal vector field 

= if'ixK) f{E)ip'{xK) {xK G G/K). Then, M = G/K would 
admit a G-invariant affine connection via the immersion ip' {cf. [9]). 

(2) There is an example belonging to .F(f (5, B). Indeed, let us recall 
Example 11.1 in the book of Takeuchi [12], p. 119, and let g = su{2), 

t = {0}, = © with E = h. Le^ y = = I ■ z,w e c|, 

and V , the real 4.- dimensional space V restricted to the field and 
acts on V by the matrix multiplications f{X)v — Xv & V, {X & 
Q,v & V), and f{E)v — I2V — v {v &V). Then, V admits the complex 
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structure J defined by 

^ (l Op' ^ ^' 



which satisfies J{Xv) — XJv, {X G q. v G V). The linear mapping 
satisfies 



q-.Q^V isgivenbyq(r_^_ J + J = ( 1^ + ^ J J ' 



q{[X, Y]) = f{X)q{Y) - f{Y)q{X), {X, Yeq). 

Then, {f,q,V)eJ^^\g,t). 

(3) The real representations in J-'^^g^t) in the case t = {0} were 
treated, called the representations ofg of class II, in the book of Takeuchi 
{[12], pp. 85-92). 

(4) The union in the right hand side for ^o(0, t) in Theorem 3.3 
seems to be a disjoint union. 
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